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Statements such as ‘“80% of the employees do 20% of the work’” or “‘the richest 1% of society
controls 10% of its assets’’ are commonly used to describe the distribution or concentration of a
variable characteristic within a population. Analogous statements can be constructed to reflect the
relationship between probability and concentration for unvarying quantities surrounded by uncer-
tainty. Both kinds of statements represent specific usages of a general relationship, the ““mass
density function,”” that is not widely exploited in risk analysis and management. This paper derives
a simple formula for the mass density function when the uncertainty and/or the variability in a
quantity is lognormally distributed; the formula gives the risk analyst an exact, ““back-of-the-
envelope’” method for determining the fraction of the total amount of a quantity contained within
any portion of its distribution. For example, if exposures to a toxicant are lognormally distributed
with o, ., =2, 50% of all the exposure is borne by the 2.3% of persons most heavily exposed.
Implications of this formula for various issues in risk assessment are explored, including: (1) the
marginal benefits of risk reduction; (2) distributional equity and risk perception; (3) accurate
confidence intervals for the population mean when a limited set of data is available; (4) the possible
biases introduced by the uncritical assumption that extreme ““outliers’” exist; and (5) the calculation
of the value of new information.

KEY WORDS: Unccrtainty; distribution of mass; Lorenz curve; risk perception; value of information.

1. INTRODUCTION

This paper introduces the concept of the ‘‘mass™
of a quantity surrounded by uncertainty and/or variabil-
ity, and attempts to show how bringing to bear infor-
mation about ““mass’” may lead to changes in how we
assess, communicate, and control environmental and
health risks. The formulas derived herein will facilitate
such improvements, especially when the uncertainty or
variability can be modeled using a lognormal probability
density function (PDF). Figure 1 shows a discretized
lognormal PDF for the varying quantity ‘‘annual in-
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come’ in a hypothetical population of 19,935 persons,
who together earn nearly $253 million each year. A con-
temporary “‘risk analysis’” would probably generate one
or more point estimates to describe this situation; for
example, that the median income is $10,000, that the
mean is $12,690, or that the ““plausible upper bound™
(95" percentile) is approximately $28,000. The numbers
above the histogram in Fig. 1 represent the total amount
of money earned by persons at each income level—in
other words, the “‘mass’ of each category. In the dis-
cretized case, these values lead directly to additional and
currently untapped information about the concentration
of the varying characteristic—for instance, that ““the 3.6%
of persons earning between $40,000 and $60,000 control
12.5% of the total wealth.”” The remainder of this paper
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Fig. 1. Discretized version of a lognormal PDF, describing the vari-
ability of annual income in a hypothetical population. The numbers
above the vertical bars represent the product of the number of persons
at cach income level and their annual income—that is, the “‘mass’” of
cach catcgory.

will explore the ‘““mass’ of characteristics that can be
described as continuously distributed (specifically as
lognormal), using examples relevant to health risk as-
sessment.

1.1. Mathematical Preliminaries

Suppose x represents a nonnegative physical char-
acteristic that varies among a population of T individu-
als, and that T is large enough that we can use a continuous
PDF f(x) to model the (discrete) values of x and their
associated probabilities. Alternatively, fix) might rep-
resent a degree-of-belief or uncertainty distribution about
the true value of an invariant physical characteristic (or
some other quantity such as a rate, proportion, or risk).
In the first case, T/%f(x)dx is a measure of the number
of individuals for whom a <x <b; in the second case the
integral [%(x)dx measures the subjective or objective
probability that a<x<b. Just as the integral [oxf(x)dx
yields the mathematical expectation of x, or E(x), the
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quantity Tf3xf(x)dx measures the total amount of the
characteristic contained within the population.

When integrals containing the expression xf(x)dx
are evaluated over limits not spanning the entire domain
of x, they provide information about the concentration
of the characteristic within the appropriate portion of the
PDF. One can compare integrals of f(x) between two
sets of limits and discern how the ““amount of probabil-
ity”” depends on x; similarly, one can compare definite
integrals of xf(x) and discern how the “‘amount of mass”’
depends on x. In the same sense that the PDF f{x) mea-
sures the amount of probability as a function of x, the
““mass density function’” xf{x) measures the amount of
(probability times magnitude) as a function of x. The
ideas of mass and concentration find their way into
everyday usage via rules-of-thumb like the ‘“80/20 rule,”
which can be invoked to explain that the most productive
20% of workers in a company accomplish 80% of all
the work.

More formally, the ‘“mass distribution function™
g(a, b) can be defined as:

_ e

gla, b) oxfo)de 0<a<b (1)
The denominator, which is equal to E(x), normalizes
g(a,b) such that its minimum and maximum are zero and
unity. As a simple example, let f(x) be the uniform PDF
over the interval [0,12]—so fix)=1/12 at all points within
the interval. Then g(a,b)= (b*—a?)/144. If x was the
hourly income of each individual in a population,
8(0,6)=0.25 means that one quarter of all the income
in the population accrues to persons earning at or below
the median wage. If x was instead the uncertain value
of a particular individual’s wage, g(11,12)=0.1597 im-
plies that the estimate E(x) =6 Is highly sensitive to the
chance that x is between 11 and 12, because nearly one-
sixth of the total mass is contained within the topmost
one-twelfth of the distribution. This relationship between
the mass within a portion of the PDF and the probability
within that portion is formalized via the ‘‘concentration
function”@:

Jodfx)dx
Jofe)dx

By definition, &(a,b) is also equal to the expected value
of x within the truncated portion of its domain between
a and b. For example, h(11,12) for the uniform PDF
equals 0.9583 + (1/12), or 11.5.

For the special case when a=0, G(b)=E(x)~!
Joxf(x)dx is the (normalized) cumulative mass distribu-
tion function. G(b) is analogous to the cumulative prob-

h(a, b) = (2)
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ability density function, or CDF, F(b)= f¥{y)dy.? Solving
for x in the equation F(x)=0.5 gives the median of the
PDF, the point above and below which half of all the
values lie. Similarly, the value of b which solves
G(b)=0.5 can be termed the ‘‘center of mass,” in that
half of the total quantity of the characteristic lies above
and below this point. If, for example, a metal bar 12
inches long and 1 inch square (representing a uniform
PDF over the interval [0,12]) was constructed of an alloy
of varying composition whose physical density was equal
to x g/in® for all values of x, the bar would weigh 72 g
(12 in? times the average density of 6 g/in®). It could be
balanced on a fulcrum located to the right of the center
of the bar, at the point x =~/72, because [,~7x(1/12)dx
+ 6=0.5. In general, the center of mass 71 for a uniform
distribution over the interval [a,b] is given by:
m=+/(a>+b%)/2.

For all other PDFs that contain more information
than the uniform distribution, an analytic expression for
g(a,b) or h(a,b) may be quite complicated or impossible
to obtain, despite the usefulness of these functions. This
paper derives a simple equation for the mass distribution
function of the lognormal PDF, one of the distributions
used most frequently in health and environmental risk
analysis (as well as in many other fields). The applica-
tions discussed below may be sufficiently important to
warrant derivation of the mass distribution function via
numerical methods for other PDFs that arise in particular
risk management cases. This result was derived during
the preparation of the author’s doctoral dissertation®; it
arose independently of the related result reported by
Quensel™ in his study of the moments of truncated log-
normal distributions.

2. DEFINITIONS

X = lognormally distributed random variable
X = median (geometric mean) value of X (In X is
the arithmetic mean of the normal variable
In X)
E(X) = arithmetic mean value of X
o = standard deviation (SD) of In X (note: the ““geo-

metric sD,”” commonly written o, equals €°)
| 1 PDF f = ="
fiX) (lognorma or X) X
—(In X — In X)?
exp 20°

% Aitchison and Brown® discuss G(b) in passing, referring to it as the
“first-moment distribution function.”
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N, = unit normal transformation; Ny = In(X/X)/o
therefore, X = Xexp(N,o)
dX = oXexp(Nyo)dNy
(note: for typographical convenience, ‘N’ will
sometimes be used in place of “*N,””)

1
O(N) = the unit normal PDF = \/_Z_w - exp(— 0.5 N?)

bd
®(y) = the unit normal CDF = J &(N) dN

3. DERIVATION

The unit normal transformation gives

b

I )A(eN”exp( - O‘SN")(U)‘(eN”) dN
j Xf(X) ax = La o(XeM?) \/ 2w

®)

a

NI
=X Lﬂ 5= oPWNo — 05N N ()

By completing the square in the integrand:

=X wa \/—Eexp(o.s odexp(—0.5(N ~ o)) dN )

Let Z = (N—o0); dZ = dN; note that E(X) = Xexp(0.5¢?)

No--a

e [

exp(—0.52%) dZ (6)

4. RESULTS

Thus, for the lognormal PDF,

Np-a

s@b) = | oz =
N, ~ o) = B, - o) (1)

In other words, the fraction of the total mass of the
lognormal quantity that is contributed by values between
a and b equals the area under the corresponding unit
normal PDF between (N,— a) and (N, — a).

Recall that N, = +3is equivalent to (Iny = In X
+ 30) or (y = Xe*7); semantically, we will refer to y
as being ““3 SD above™ (or ““to the right of”’) the me-
dian. For example, consider a lognormal quantity with
o =2 (i.e., an uncertainty or variability of about a ““fac-
tor of 50°* in either direction).? By Eq. (7), the mass
contributed by values between —3 and +3 SD from the

* We will refer to the quantity [exp (1.960)] as the ““‘uncertainty fac-
tor’” (UF), since 95% of the probability density lies between £/UF
and £-UF.
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median equals the unit normal area between (—5) and
(+1), which is approximately 84%. Figure 2 plots G(b)
against F(b), thereby forming the ““Lorenz diagram’’
familiar to economists, for four different lognormal dis-
tributions. Notice, for example, that for =2 the first
80% of the population contributes about 12.5% of the
mass; F(b) = 0.8 involves the portion of the population
up to 0.85 SD above the median [$-'(0.8)=0.85 and
®(0.85-2)=0.125].
Equation (7) has several obvious corollaries.

(1) The cumulative fraction of mass to the right of
K standard deviations above the median equals the cu-
mulative unit normal area beyond (K—a). Thus, for
example, even though there is only about one chance in
30,000 that a value beyond 4 SD will occur, if =2
these values contribute 2.3% of the total mass (the area
of the unit normal PDF beyond +2); if o=3, these
values would contribute 16% [1 —®(4 —3)] of the total
mass.

(2) More specifically, the “‘center of mass’ of the
lognormal lies at exactly o standard deviations above
the median. When K=o, the fraction of total mass be-
yond K SD equals the unit normal area to the right of
(o —a), or zero; by definition, this fraction equals one-
half. Therefore, N, =0, or rit=Xexp(c?). For highly
skewed lognormals, this rule-of-thumb provides a stark
reminder of the influence of ““outliers.”” For example,

Cumulative Mass, Gy

G 01 02 03 04 s 06 07 QAL 09 1

Cumulative Probability, F(b)

Fig. 2. ““Lorenz curves™ for four lognormal PDFs of varying breadth.
The point indicated on the Lorenz curve for o =2 (UF =50.4) reveals
that the first 80% of the population accounts for only 12.5% of the
““mass;’” the rcmaining 87.5% of the mass is concentrated among the
remaining 20% of the population.
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if o=2 (UF=50.4), fully half the mass comes from the
2.3% of values more than 2 SD above the median (i.e.,
more than 54.6 times the median). Note that the center
of mass is always to the right of the mean; because E(X)
= Xexp(0.502), h /E(X)=E(X)/X.

(3) The “‘complementarity point’’ is the point on
the PDF where C% of the values contribute (100-C)%
of the mass, and vice versa, the value of C is found via
the unit normal transform of {/2).* For example, if o/
2=1, 84% (1—P(+ 1)) of the mass is concentrated in
the largest 16% of values. Table I shows the value of C
at the complementarity point, for various values of o.
For instance, the <“80/20" rule applies to a lognormal
quantity with o=1.69 (UF=27.5).

Note also that because Ngy,=0/2, the mean and
the complementarity points are coincident; graphically,
these points can be found where the Lorenz curve crosses
the diagonal line y =1 —x. Figure 3 shows the percentile
(p) of the distribution of X at which the mean is located,
as a function of o; for o greater than about 0.7, the log-
linear regression equation p =(69.15 + 21.41 In o) yields
a good approximation (R*>0.99) for p. For sufficiently
skewed distributions (0 >3.29, UF>631.7), the mean
exceeds the upper 95" percentile of the distribution, casting
into question whether this probabilistic ““upper bound”’
is in fact “‘conservative” in an expected-value sense.®®

5. APPLICATIONS TO RISK ANALYSIS

As was discussed in the introduction, if the PDF
reflects variability across a population, g(a, b) is a mea-
sure of the total amount of the characteristic within the
population or a portion thereof. In environmental and
occupational health risk analysis, variability in exposure

Table I. Concentration of C% of the Mass in (100-C)% of Values

Division of probability:mass

o at “‘complementarity””

0.5 60:40
1.0 69:31
1.69 80:20
2.0 84:16
2.5 89:11
3.0 93:7

3.5 96:4

* This corollary follows from solving the equation & (W-o)=
1—®(W), invoking the identity &(—-x)= 1—®(x); the solution is
W=q/2.
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Fig. 3. Location of the mcan of a lognormal distribution (the percentile
of the CDF coincident with the mean) as a function of o, showing that
the mean will exceed any arbitrary probabilistic **upper bound™” as the
uncertainty or variability increases. The open circles represent the ex-
act values of 100-P(o/2). The solid line indicates the best-fitting log-
linear regression equation in the range 0.7 < o < 4.0.

is commonplace, and is often modeled using lognormal
distributions.'® In addition, a recent study of interindi-
vidual variation in human susceptibility to carcinogenic
stimuli ” concluded that variability in the effective car-
cinogenic potency of a substance may plausibly be de-
scribed as lognormal, and may be rather broadly distributed
(UF=100).

If, on the other hand, the PDF reflects uncertainty
about the true value of an invariant quantity, g{a, b) mea-
sures the extent to which different portions of the PDF
affect the estimate of the expected value of the quantity.
Various researchers have generated, via statistical anal-
yses, simulation modeling, or elicitation of expert opin-
ion, PDFs for such uncertain quantities as the
downgradient pollutant concentration available for in-
halation ® or ingestion,'”’ the biologic potency of car-
cinogenst!®! or neurotoxins,*? and the relationship
between administered and delivered dose.'® Of course,
risk-based decisions often involve both variability and
uncertainty.'** In such cases, the regulator might be con-
cerned, for example, with the fraction of total risk borne
by highly exposed (or highly susceptible) individuals,
conditional on the true potency of the substance in ques-
tion being in the “‘tail’” of its own uncertainty distribu-
tion. The individual confronted with the same combination
of PDFs might well view his risk as the product of ran-
dom or conservative “‘draws” from each distribution (How
potent is the substance? How susceptible am I relative
to the “‘average’ person?).
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Some of these issues can be addressed without ref-
erence to the mass distribution function. For example,
Rappaport et al.*® showed that when occupational ex-
posures are distributed lognormally (spatially and/or
temporally), one can constrain the probability or fre-
quency of ““excursions’’ above an arbitrary threshold or
standard by maintaining the mean concentration at or
below a defined fraction of the standard. This decision-
rule, however, does not address the question of how
much of the total exposure or risk will be borne by the
fraction of workers subject to the excursions.!!®

The ability to discern the relative contributions of
different portions of a distribution to its total mass can
potentially improve risk assessment, risk management,
or risk communication in the following four areas.

5.1 Distributions and Marginal Distributions of
Consequences

Information about the fraction of the total exposure
or risk attributable to part of a distribution can elucidate
properties of the total benefit and marginal benefit func-
tions that would not be apparent if only the absolute
values of risk were known. The following three exam-
ples will illustrate various situations in which costs or
benefits depend implicitly on the mass distribution.

5.1.1. Benefits of Targeted Risk Control

One of the prime motivations for investigating the
distribution of exposures or of human susceptibilities is
to gauge whether risk reduction measures would be more
effective if targeted at particular segments of the popu-
lation, rather then implemented across-the-board. The
mass distribution function provides a screening device
to make such determinations. For example, Cohen and
Gromicko™” investigated the distribution of indoor ra-
don levels in many U.S. states, including about 5000
homes in Pennsylvania. In that state, the exposure dis-
tribution was well-described by a lognormal with £=3
picocuries per liter (pCi/l) and o =1.28. Using Eq. (7),
therefore, one could estimate that the 5% of homes con-
taining the highest radon levels (i.e., those above 24.6
pCi/l} account for about 36% [1—P(1.645—1.28)] of
the total cancer risk from radon in this sample, assuming
that risk is linear in exposure.® Equivalently, by targeting

* Note that Eq. (2) and (7) together also provide a rapid method for
assessing the average exposure (AE) faced by persons in any portion
of the exposure distribution; for the topmost 5%, AE=
[0.36°E{x)] = 0.05 = 49.0 pCi/L.
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cxposure mitigation efforts at houses containing more
than 24.6 pCi/l, society might be able to “‘solve’” more
than one-third of the problem at perhaps one-twentieth
of the expense of a more sweeping program.

Puskin and Nelson!® recently analyzed similar data
(using a lognormal distribution for indoor radon expo-
sure with a median of 0.9 pCi/l and o=1.16), and per-
formed their own calculations of the relationship between
probability and mass. For these calculations, they de-
veloped a computer program to numerically integrate the
mass density function, rather than using a simple rela-
tionship of the type presented in this paper (Puskin and
Nelson, personal communication). They acknowledged
that targeting nationwide mitigation efforts at the ap-
proximately 600,000 U.S. homes that have radon levels
above 10 pCi/l might be most cost-effective; however,
they also made it clear that in order to reduce the total
number of deaths attributable to radon by more than
17%, reductions must be made in homes with lower
levels as well.

Similarly, Schwing and Kamerud® determined that
the risk of death to a motor vehicle occupant {per person-
mile driven) varies substantially with the time of day
and the day of the week, such that the risk in the most
dangerous single hour of the week (4.3 x10~7/mile,
around midnight on Saturday/Sunday) is more than 134
times as risky as the least dangerous hour (3.2 x10-%
mile, around 8 a.m. Sunday). Figure 4 shows the Lorenz

curve that Schwing and Kamerud constructed, along with

an exact lognormal distribution (o=0.8), which pro-
vides a reasonable approximation to the empirical data.
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Fig. 4. Lorenz curves demonstrating the concentration of traffic fa-
talitics during certain hours of the week. The solid linc is derived from
the empirical data analyzed by Schwing and Kamerud.® The dashed
line 1s the best-fitting lognormal approximalion (o = 0.8).
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They concluded that the optimal allocation of police ac-
tivity might well depend on the time of day, citing as
evidence the fact that the most dangerous 1% of all travel
results in 17% of all fatalities. They also concluded that
across-the-board controls (e.g., the national 55 mph speed
limit) are likely to be less efficient than “‘more elaborate
(i.e., disaggregated) policies,’” although they imply that
such policies may have their own drawbacks.

5.1.2. Standard-Setting and ““Acceptable’’ Risk

Even in cases where risk managers cannot identity
the most susceptible or most highly exposed individuals,
or where no control measures exist to preferentially re-
duce some individual risks, they may wish to examine
the mass concentration of risk, in the context of ‘‘ac-
ceptable’’ individual risk levels. Although by reducing
risks across-the-board, the regulator cannot influence the
shape of the interindividual distribution of risk, he can
influence both the number of persons whose risk levels
exceed some ‘‘bright line’” and the absolute number and
the relative fraction of deaths expected to occur among
these individuals. Depending on the parameters of the
risk distribution, their relation to the ““bright line,”” and
the implicit value judgments made in managing the risk,
the marginal benefit function for across-the-board miti-
gation of risk may demonstrate important nonlinearities.

For example, suppose that in a population of 10
million people, a particular excess cancer risk is log-
normally distributed (o=2) about a median value of
1.35x10-%. This value was chosen so that the mean
risk equals 10-7, thus yielding an expected excess death
toll of 1000. Suppose further that the cutoff of “‘ac-
ceptable”” risk is set at 10-*. Then in the baseline situ-
ation, 1.6% of the population would face ‘‘unacceptable”’
risks, but 44% of the 1000 expected excess deaths would
occur in this subpopulation. A 10-fold reduction in all
exposures would reduce the number of persons ‘‘above
the line”” by a factor of 32 [10-* moves from being 2.15
SD above the original median to being 3.30 SD above
the new median of 1.35 X 10-7]. At the same time,
however, the number of deaths in this subpopulation will
fall by a factor of 44 (from 44% of 1000 total deaths to
10% [1—®(3.30 —-2)] of 100 total deaths).

Table II shows other values for the partitioning of
expected deaths among persons on either side of the
““bright line.”” As the public continues to become more
aware of the importance of individual-risk cutoffs in reg-
ulatory decision-making and the impossibility of ensur-
ing that all persons face zero or even de minimis risks,
the pressure may mount for risk managers to consider
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Table II. Hypothetical Risk Management Case Showing Nonlincar Benefit Functions

% of

population in % of No. of
Exposure ““unacceptable™ deaths in deaths in
reduction Total deaths region ““unacceptable’  “‘unacceptable’
factor expected (above R=10-7) region region
1 {bascline) 1000 1.6 44 440
2 500 0.7 31 155
5 200 0.2 17 34
10 100 0.05 10 10
50 20 0.002 1.8 0.36
100 10 0.0005 0.7 0.07

the absolute and relative consequences to those whose
exposures and/or susceptibilities leave them ““above the
line.”” The time may now be ripe for study of how the
ineluctable tradeoff between ‘“‘deaths among the major-
ity’” and ““deaths in the tail’’ adds connotations to the
larger tradeoff (also visible in Table II) between total
deaths and total cost.

Interestingly, welfare economists have long real-
ized that measures of national poverty which consider
only the “‘head count™ of persons below the ““poverty
line’” are insensitive and misleading.’*” Sen, for ex-
ample, implicitly concluded that both the PDF and the
mass distribution function were essential inputs to any
truly useful measure of poverty; his ““poverty index’’ is
a function of the average dollar shortfall a poor person
faces relative to the poverty line and of the extent of
distributional inequality, as well as of the “*head count™
itself.® The analogy between income shortfall and the
exceedance of individual risks above “‘acceptability’” is
a potent one, and the role of large equity differences
between the fortunate and unfortunate may be similar in
both contexts.

5.1.3. Distributional Equity of Variable Risks

The “‘average risk’” and the “‘maximum plausible
risk’” are useful decision tools, irrespective of whether
the PDF for risk is a consequence of uncertainty, vari-
ability, or both. However, both measures assume rather

® Morc specifically, the poverty index depends in part on the ““Gini
coefficient,”” G, a measure of the overall departure from distribu-
tional cquality. G, which varics between 0 and 1, equals twice the
arca between the Lorenz curve and the 45° line of perfect distribu-
tional cquality. For reference, when o = 1, G= 0.52; when =2,
G = 0.84.

specialized utility or *‘willingness-to-pay’” functions to
weigh the costs of different possible outcomes. The av-
erage risk E(X) [whether expressed as a probability or
as the ““body count’ T-E(X)] implies that social cost is
linear in risk or incidence; use of the upper-bound value
implies a sharp discontinuity in the cost function asso-
ciated with a “‘bright line>” of acceptable or de minimis
risk. An ideal measure of expected social cost (alterna-
tively, the expected benefit of eliminating the risk) would
account for the possible nonlinearity of individual utility
functions (for uncertain risks) and/or of social welfare
functions for aggregating individual costs (for variable
risks).®" Such a measure would require the evaluation
of the integral f d(R)f(R)dr, where d(R) is the ‘“damage
function’” over risk and f(R) is the PDF for risk. Again,
this is analogous to the welfare economics research of
Sen, 2 Atkinson,® and others, who generally suggest
that not only is individual poverty a function of income
shortfall, but that that function should change more steeply
than linearly as the shortfall increases. In the context of
risk, specifying the damage function is a daunting task,
because of the controversial value judgments needed and
the analytic complexity of the required calulations.
However, appreciation of the mass distribution can
lead to a middle ground between oversimplification and
unmanageable complexity. For example, consider the
possibility that human susceptibilities to a given carcin-
ogen are lognormally distributed with UF=100 (o=2.35).
This implies that in the absence of any systematic rela-
tionship between exposure and susceptibility, the least
susceptible 10% of the population bears only about 0.02%
[P(—1.3-2.35)] of the population risk, while the most
susceptible 10% bears about 85% of the risk. Lopes®¥
has shown empirically that when confronted with various
hypothetical monetary lotteries, where both the expected
value and the variance remains fixed, people generally
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react unfavorably to the hypothetical gambles in direct
proportion to the amount of inequality between the *‘mass™
of the upper and lower portions of the PDF. This phe-
nomenon may reflect the individual’s feelings of the in-
justice of situations where costs and benefits are highly
concentrated, and/or personal risk aversion to the pos-
_sibility of large risks that becomes more pronounced as
the skewness increases. In any event, risk managers may
better understand the ““disparities between the subjective
risk opinions of the lay public and the objective risk
calculations ot experts”’ ' if they evaluate uncertain risks
vis-a-vis their concentration as well as their magnitude.

5.2. Errors in Assessed Means/Variances from
Limited Sample Data

Because the mass distribution function for an un-
certain quantity can illustrate how wvalues in different
portions of the PDF influence the estimate of E(X), it
can shed light on a problem in statistical inference that
frequently arises (but is often ignored) in risk analysis—
determining the appropriate confidence bounds on the
mean of a lognormally distributed parameter with limited
observational data. Risk analysts may be familiar with
the central limit theorem, which states that as the number
n of independent observations (each from a distribution
with common variance V) approaches infinity, the dis-
tribution of the sample mean of those observations can
be approximated by a normal distribution with variance
(Vin). They may also recall the rule-of-thumb which deems
this approximation valid in practice when n is greater
than 30.

However, this rule-of-thumb assumes that the un-
derlying population from which the observations come
(the ““parent’ distribution) is itself reasonably symme-
tric (e.g., Gaussian). For highly skewed parent distri-
butions like the lognormal, the central limit theorem’s
approximation may be very misleading even when n is
“‘large.”” Only a few papers, mostly in the engineering
literature,?*2» have investigated the distribution of the
sum (and hence the mean) of # independent lognormal
variates. Although the exact expression for this PDF re-
mains analytically intractable, these researchers have
concluded that it is approximately lognormal with a log-
arithmic SD ¢* inversely proportional to n (a result not
inconsistent with the central limit theorem, since as o—0
the lognormal becomes indistinguishable from the corre-
sponding normal distribution).

[ have validated this conclusion via Monte Carlo
simulation. Figure 5 shows o* for sets of 5000 simulated
observations, with each observation representing the mean
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Fig. 5. A family of curves demonstrating the relationship between the
sample size n and the SD of the mean of the n observations, drawn
from lognormal parent distributions of varying breadth. The curves
connect data points representing the empirical SD of the natural log-
arithms of 5000 Monte Carlo simulations, each one consisting of
observations.

lognormal, 0°= 098 _ewTTToieaeeereaoo T
Nt N
o empirical (Monte Catlo) data

0 0 a0 50 60
Sample mean, n= 10 (o= 2)

Fig. 6. The CDF of the Monte Carlo data for the data point indicated
by the solid circle in Fig. 5. The dashed line is the empirical CDF
derived by plotting the 5000 obscrvations (cach representing the mean
of 10 samples) in ascending order. The solid linc is the exact lognormal
CDF which best approximates this data (8 = 4.126, 0" = 0.928).

of a set of n data points drawn from parent distributions
of various breadth (in all the examples that follow, £=1).
Figure 6 shows the simulated data for one of these com-
binations (o =2, n = 10), along with the exast lognormal
which best approximates this distribution. The Taylor
expansion referenced in Crow and Shimizu®® for the
variance of the distribution of means yields a close ap-
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proximation to the variance of the simulated data when
o is less than about 2.5; using the general formula for
the variance of a lognormal {V'=[E(X)]* - (exp(c?)~ 1)},
one can then solve for ¢*. For very large o, an approx-
imation developed by Farley and referenced in Schwartz
and Yeh®) may yield more accurate results, or a nom-
ogram such as that in Fig. 5 can be used.

When confronted with a limited set of sample data
from a lognormal distribution, there are practical draw-
backs to using the narrow and symmetric confidence
intervals about the observed mean given by Gaussian
statistics.!® Most significantly, because of the asym-
metric uncertainty, the observed mean is more likely to
be an underestimate of the true mean than an overesti-
mate, but the absolute magnitude of any error of over-
estimation will be greater than an error of underestimation.
For example, the Monte Carlo analysis in Fig. 5 shows
that ¢* is approximately 0.93 {(UF=6.4) when n=10
and the parent distribution has o =2. Knowing nothing
about the true mean of the parent distribution but the 10
samples observed, the correct assumption is that while
the observed mean is the best estimate of the true mean,
the true mean is likely to be somewhat higher, but pos-
sibly very much lower.

The mass density function provides support for this
somewhat counterintuitive phenomenon, as well as a
handy way to gauge the breadth of the confidence inter-
vals about the observed mean. For example, in a sample
of 100 observations from a parent distribution with o =2,
the binomial theorem shows there is a strong possibility
(0.995%%, or about 60%) that none of the observations
will come from the ““tail”” of the parent distribution ex-
ceeding 2.6 SD above its median (x> 181). By Eq. (7),
this portion of the parent distribution contributes
[1-®(2.6—2)] or 27.5% of the mean, so there is a
strong likelihood that underrepresentation of this portion
will cause the observed mean to be as much as 27.5%
lower than the true mean of 7.4. On the other hand, there
is about 1% chance that 3 of the 100 observations will
come from the ““tail’””—in such a case, the observed mean
might be a factor of 2 or more above the true mean.”

5.3. Errors Due to Assuming an Exact Distribution/
Ignoring Truncation

The mass distribution function can also be edifying
in situations that pose problems converse to those men-

" In addition, because the variance of a lognormal distribution is pro-
portional to the square of the mean, estimates of the variance based
on limited observational data are likely to be even more uncertain
than corresponding estimates of lthe mean, as Apostolakis and Kap-
lan?™ observed.
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tioned above. Frequently, instead of working with ob-
served data and trying to infer the parameters of the
distribution to which these data belong, the risk assessor
has a hypothesis about a distribution that implies the
existence of particular values of the quantity. In such
cases, the ““‘model uncertainty’” (i.e., the assumption
that information about probabilities and magnitudes can
be obtained by applying formulas appropriate to an exact
lognormal distribution ) may contribute in subtle but sub-
stantial ways to the total uncertainty in the problem.

In practice, the temptation is to assume that the
frequency or state-of-knowledge distribution of a quan-
tity is lognormal, with a right-hand tail extending asymp-
totically to infinity, on the basis of observational data
that ““looks’” lognormal (but that probably includes no
extreme outliers) or physical principles that lead to log-
normality (e.g., many independent and multiplicative
sources of wvariability or error). However, physical,
mathematical, or practical constraints may preclude the
actual existence of such outliers (or of extreme values
of the state-of-knowledge distribution). Even if one’s
decision process does not explicity hinge on, or even
consider, the magnitude of exposures or risks among
extreme outliers, the implicit assumption that such out-
liers exist may lead to biases in one’s assessment of
critical decision variables, notably the mean. For ex-
ample, Apostolakis and Kaplan®®” undertook a study of
the reliability of engineered systems, and showed that
the common assumption that the cumulative probability
of failure is proportional to the failure rate A can intro-
duce severe biases in the assessed mean of the time-to-
failure distribution. The bias occurs because of the use
of (\¢) as an approximation for (1 —e~*) breaks down
when A approaches unity. For example, in a system with
X lognormal (A=6.75 x 10-%, ¢=2.52), the assessed
mean would be 1.62 x 102 if values of A¢ greater than
unity were permitted; they showed that the true mean
when (1-e~™) is used is only 1.08 % 103 (33% lower).

Similar situations where exponentially transformed
or truncated lognormals may be more appropriate than
exact lognormals also arise frequently in health risk
analysis. In the workplace, airborne concentrations of a
volatile toxicant may be lognormally distributed in the
central portion of the distribution, but truncated at some
higher value, either because of physical constraints (e.g.,
existence of a saturation vapor pressure for the sub-
stance} or practical realities (e.g., presence of an irritant
effect or odor threshold causing workers to leave the area
or suspend the production process). When considering
uncertainties in biologic potency, in addition to the
mathematical constraint that risks cannot exceed 1.0,
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there are other reasons to be suspicious of the tails of
putative distributions of susceptibility. One might doubt,
for example, that fetuses genetically constituted to be
thousands or millions of times more susceptible to cancer
than average would survive the gestation period—in any
event, a risk manager might conclude that such “‘hyper-
.susceptibles’ were destined to develop the disease at a
high rate independent of anthropogenic stimuli or regu-
latory controls.

The mass distribution function informs the risk as-
sessor how sensitive the mean is to valid or invalid pa-
rameter values in the tail of the PDF. In addition,
examination of the mass distribution function may pro-
vide an impetus for research directed at reducing the
overall uncertainty or ruling out the possibility that val-
ues in the tail need to be entertained, as it gives an
indication of the ““payoff”> expected from reducing po-
tential bias in the mean. For example, a lognormal un-
certainty distribution for the potency of a carcinogen
obeying the ““90/10 rule’” (c=2.58, UF=157) has a
mean which would be nine times smaller if values in the
topmost 10% of the tail could be ruled out. Conceivably,
a bioassay with more than the usual number of test an-
imals could reduce the spread in the distribution due to
random variation and model uncertainty (is the true dose—
response function linear or quadratic?), or a well-de-
signed epidemiology study might have sufficient power
to exclude the potency values in the tail.

Two nuances of the sensitivity of the mean to the
outliers are worth mentioning. First, when one believes
that o is large, it is worth investigating this sensitivity
even if the possible truncation point (or the point where
risks exceed unity) is relatively far above the median.
For instance, the saturation vapor pressure may be 100,000
times the median concentration, yet if =3, the for-
mulaic value for the mean (fexp(c?/2)) will be nearly
twice as high as it ““should” be if the topmost 0.1% of
the PDF that lies above the saturation point were prop-
erly truncated. Conversely, although for large o much
of the mass may fall in extreme regions whose values
may be highly unlikely or impossible, o would have to
be quite large indeed before one could discount the im-
portance of less-extreme outliers. It is useful to remem-
ber that the mass of the portion of the lognormal pdf
between two and three SD above the median (i.e., the
region of high but probably not implausible values) in-
creases from 14-38% of the total as o increases trom
1.0-2.5, and decreases to 14% again as o increases from
2.5-4.0. Only for >4 (UF>2540) does almost all of
the mass come from the extreme outliers (>3 SD above
the median).
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5.4. Efficiency Advantages in Standard
Computational Routines

In addition to applications where knowledge of the
mass distribution is valuable per se, the mass distribution
function can indirectly facilitate other calculations useful
in risk analysis. Value-of-information (VOI) analysis is
becoming a more important adjunct to risk assessment;
it helps the decision-maker resolve the tension between
anaylsis and action, and indicates which research efforts
have the greatest expected return when multiple uncer-
tainties are involved.®® According to standard tenets of
statistical decision theory, the upper bound on the value
of perfect information about the “‘state variable” (e.g.,
risk, R, in attributable deaths/year) is equal to the incre-
mental social cost one expects to incur under uncer-
tainty, relative to the minimum cost incurred if one was
clairvoyant and could choose the control strategy optimal
tor the true value of risk. This incremental cost will be
zero in the region of the PDF for R where the control
option chosen is the least costly one available (measured,
perhaps, as the sum of the economic costs of risk re-
duction plus the health costs of the residual risks that
remain). In other regions of f(R), the total social cost of
some other available strategy will be lower—if the true
value of R is lower than expected, a strategy with lower
economic costs (and lower risk reduction efficiency) would
be preferable, and conversely if R is larger than ex-
pected.

If, as seems logical, the health costs are propor-
tional to the residual risk, calculating VOI thus requires
evaluating various integrals of the form fiRf(R)dR and
summing the incremental health costs, weighted by the
probability that R will take on a value outside the region
where the chosen strategy is optimal. If the uncertainty
in R is lognormal, Eq. (7) allows one to substitute
ER)[DN, — o) = DN, —-o)] for cach of these integrals.
In a microcomputer environment, this expression can be
evaluated via two calls to a single-valued polynomial
approximation to (-}, rather than resorting to laborious
numerical integration techniques. Of course, knowledge
of Eq. (7) enables one to derive a ““first-cut>” approxi-
mation to VOI with a hand calculator or a table of the
unit normal distribution.

6. CONCLUSIONS

Exploration of the ‘“mass density’” of an uncertain
and/or variable characteristic can enrich the risk man-
agement process along several dimensions. Examining
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how portions of a PDF contribute to the total mass (or

to

the mean value) requires more conceptual sophisti-

cation than simply making a “‘best’’or upper-bound es-
timate of the mass or the mean. However, to the extent

th

at simple methods have not been available to perform

such calculations, risk analysts have lacked the impetus

to

consider the joint effects of probability and magni-

tude. This paper overcomes the computational hurdle for
one of the uncertainty distributions most often used in
probabilistic and health risk analysis. Perhaps the ease
of exposition when the PDF is lognormal will also en-
courage investigations into the ramifications of the mass
distribution when the uncertainties in risk follow other

m

athematical or empirical distributions.*
There is a growing appreciation that in our field,

““a decision made without taking uncertainty into ac-
count is barely worth calling a decision.”’*® Measures
of ““mass density”” and the quantities that depend on it,
such as the “‘conservatism’ of upper-bound estimates
with respect to the mean, should give more information

to

decision-makers who are trying to make uncertainty

into an ally rather than an adversary.
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